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MONGE-AMPERE EQUATION ON EXTERIOR DOMAINS 

JIGUANG BAG, HAIGANG LI, AND LEI ZHANG 



^^ , Abstract. We consider the Monge-Ampere equation det{D^u) = / 

Cn ' where / is a positive function in R" and f — 1 + 0{\x\~ ) for some 

$_( , /? > 2 at infinity. If the equation is globally defined on R" we classify 

t*-(. the asymptotic behavior of solutions at infinity. If the equation is de- 

■^L ' fined outside a convex bounded set we solve the corresponding exterior 

Dirichlet problem. Finally we prove for n > 3 the existence of global so- 
lutions with prescribed asymptotic behavior at infinity. The assumption 
/3 > 2 is sharp for all the results in this article. 



1. Introduction 



It is well known that Monge-Ampere equations are a class of important 
fully nonlinear equations profoundly related to many fields of analysis and 
geometry. In the past few decades many significant contributions have been 
^ I made on various aspects of Monge-Ampere equations. In particular, the 

lO ' Dirichlet problem 

' det{D'^u) = f, in D, 
u = (j) on dD 
on a convex, bounded domain D is completely understood through the 
f^ , works of Aleksandrov [1], Bakelman [2], Nirenberg [3], Calabi [12], Pogorelov 

m ; [271 [291 ED], Cheng- Yau [l3], Caffarelli-Nirenberg-Spruck [II], CaffareUi [7], 

Krylov [23] , Jian-Wang [22] , Huang [2l] , Trudinger-Wang [33] , Urbas [35] , Savin 
[311 I32j . Philippis-Figalli [26J and the references therein. Corresponding 
k> ' to the traditional Dirichlet problem mentioned above, there is an exterior 

^ . Dirichlet problem which seeks to solve the Monge-Ampere equation outside 

a convex set. More specifically, let D be a smooth, bounded and strictly 
convex subset of R" and let G C^{dD), the exterior Dirichlet problem is 
to find u to verify 

det{D^u) = f{x), xeW\D, 
(1.1) ^ u G C'^(]R" \ D) is a locally convex viscosity solution, 

u = 6, on dD. 
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2 JIGUANG BAO, HAIGANG LI, AND LEI ZHANG 

If / = 1 and n > 3, CafFarelli and Li [9j proved that any solution u 
of (11. ip is very close to a parabola near infinity. They solved the exterior 
Dirichlet problem assuming that u equals (f) on dD and has a prescribed 
asymptotic behavior at infinity. For / = 1 and n = 2, Ferrer-Martinez- 
Milan [HI [19] used a method of complex analysis to prove that any solution 
u of (jl.ip is very close to a parabola plus a logarithmic function at infinity 
(see also Delanoe [16j). Recently the first two authors [3] solved the exterior 
Dirichlet problem for / = 1 and n = 2. In the first part of this article we 
solve the exterior Dirichlet problem assuming that / is a perturbation of 1 
near infinity: 

(FA) : /gC°(M"), 0<inf/<sup/<oo. 

D^f exists outside a compact subset of M", 

3/3 > 2 such that lim |x|''+l"l|D"(/(x) - 1)| < oo, |a| = 0, 1, 2, 3. 

|z|— ^oo 

Let M"^" be the set of the real valued, n x n matrices and 
A:= {Ag M"^" : A is symmetric, positive definite and det{A) = 1 }. 
Our first main theorem is 

Theorem 1.1. Let D be a strictly convex, smooth and bounded set, (j) G 
C^{dD) and f satisfy (FA). If n > 3, then for any b €W, A G A, there 
exists c.f{n, D, (j), b, A, f) such that for any c > c^,, there exists a unique u to 
\1.1\) that satisfies 

(1.2) Yimsnv\x\'^'''^^'''^''^^^\D^{u{x)-{-x'Ax + b-x + c))\ < oo 

for A; = 0, 1, 2, 3, 4. Ifn = 2, then for any b gM?, Ag A, there exists d* G M 
depending only on ^, 6, (/>, /, D such that for all d > d* , there exists a unique 
u to hl-l\) that satisfies 



(1.3) lim sup |x 



fc+cr 



D^{u{x) - {-x'Ax + b-x + d\og \/x'Ax + q)) 



< oo 



for /c = 0, 1, 2, 3, 4 and a S (0, min{/3 — 2, 2}). q S M is uniquely determined 
byD,(l),d,f,A,b. 

The Dirichlet problem on exterior domains is closely related to asymptotic 
behavior of solutions defined on entire R". The classical theorem of Jorgens 
[23], Calabi [12J and Pogorelov [28] states that any convex classical solution 
of det{D'^u) = 1 on M" must be a quadratic polynomial. See Cheng- Yau|14j. 
Caffarelli [7] and Jost-Xin [17J for different proofs and extensions. Caffarelli- 
Li[9j extended this result by considering 

(1.4) det{D^u) = / M" 

where / is a positive continuous function and is not equal to 1 only on a 
bounded set. They proved that for n > 3, the convex viscosity solution u 
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is very close to quadratic polynomial at infinity and for n = 2, u is very 
close to a quadratic polynomial plus a logarithmic term asymptotically. In 
a subsequent work [10] Caffarelli-Li proved that if / is periodic, then u must 
be a perturbation of a quadratic function. 

The second main result of the paper is to extend the Caffarelli-Li results 
on global solutions in [9]: 

Theorem 1.2. Let u £ C'^(M") be a convex viscosity solution to |i.^[ j where 
f satisfies (FA) . If n > 3, then there exist c G M, b £ R" and A G A such 
that hl.S\) holds. If n = 2 then there exist c G M, 6 G M^, A G A such that 

i fO) holds ford= — / (/ - 1) and a G (0, min{/3 - 2, 2}). 

Corollary 1.1. Let D be a bounded, open and convex subset o/M" and let 
u G C^{W' \ D) be a locally convex viscosity solution to 

(1.5) det{D'^u) = f, in W\D 

where f satisfies (FA). Then for n > 3, there exist c G M, 6 G M"' and A G A 
such that il.^) holds. For n = 2, there exist ^ G ^, 6 G M" and c, d G M 
such that for k = 0, .., 4 



limsup|a;| '^'^ 

|3;|— foo 



D^{u{x) - {-x'Ax + b- x + d\og \/x'Ax + c)) 



< oo 



holds for a G (0,min{/3 - 2, 2}). 

As is well known the Monge- Ampere equation det{D'^u) = / is closely 
related to the Minkowski problems, the Plateau type problems, mass transfer 
problems, and affine geometry, etc. In many of these applications / is not a 
constant. The readers may see the survey paper of Trudinger-Wang [34j for 
more description and applications. The importance of / not identical to 1 
is also mentioned by Calabi in [12J. 

Next we consider the globally defined equation (|1.4p and the existence of 
global solutions with prescribed asymptotic behavior at infinity. 

Theorem 1.3. Suppose f satisfies (FA). Then for any A G A, b £ R" and 
c G M, if n > 3 there exists a unique convex viscosity solution u to ^L^ 
such that lil.2) holds. 

The following example shows that the decay rate assumption /3 > 2 in 
(FA) is sharp in all the theorems. Let / be a radial, smooth, positive function 
such that /(r) = 1 for r G [0, 1] and /(r) = 1 + r~^ for r > 2. Let 

u{r)=n^ 1(1 t'^-^f{t)dt\" ds, r = \x\. 

It is easy to check that det{D'^u) = / in R". Moreover for n > 3, u{x) = 
^Ircp -|-0(log|x|) at infinity. For n = 2, u{x) = ||xp + 0((log |x|)^) at 
infinity. 
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Corresponding to the results in this paper we make the following two 
conjectures. First we think the analogue of Theorem 11.31 for n = 2 should 
also hold. 

Conjecture 1: Let n = 2 and f satisfy (FA), then there exists a unique 
convex viscosity solution u to ([i.^[ j such that ( fj.gj) holds for d = ^ /jg2(/ — 1) 
andae (0,min{/3 - 2, 2}). 

Conjecture 2: The d* in Theorem ] 1.1\ is 2^/ig2\£)(/ — 1) — ^'^'"ea(D). 

These two conjectures are closely related in a way that if conjecture one 
is proved, then conjecture two follows by the same argument in the proof of 
Theorem 11.11 

The organization of this paper is as follows: First we establish a useful 
proposition in section two, which will be used in the proof of all theorems. 
Then in section three we prove Theorem 11.11 using Perron's method. The- 
orem 11.31 and Theorem 11.21 are proved in section four and section five, re- 
spectively. In the appendix we cite the interior estimates of Caffarelli and 
Jian-Wang. The proof of all the theorems in this article relies on previous 
works of Caffarelli [SllTj, Jian-Wang [22] and Caffarelli-Li [9j. For example, 
Caffarelli-Li [9] made it clear that for exterior Dirichlet problems, convex 
viscosity solutions are strictly convex. On the other hand for Monge- Ampere 
equations on convex domains, Pogorelov has a well known example of a not- 
strictly-convex solution. Besides this, we also use the Alexandrov estimates, 
the interior estimate of Caffarelli [7] and Jian-Wang [22j in an essential way. 

2. A USEFUL PROPOSITION 

Throughout the article we use Br{x) to denote the ball centered at x with 
radius r and Br to denote the ball of radius r centered at 0. 

The following proposition will be used in the proof of all theorems. 



Proposition 2.1. Let Rq > be a positive number, v G C (M" \ -B/Jq) be a 
convex viscosity solution of 

det{D^v) = f, M"\5ko 

where fy £ C'^(M") \ Br^^ satisfies 

-<fvix)<co, xGW'XBn, 
Co 

and 

(2.1) |Z)'=(/4x) - 1)1 < co|x|-'^-^ \x\>Ro, k = 0,1,2,3. 
Suppose there exists e > such that 

(2.2) \v{x)--\x\^\<ci\x\'^-', |x| > i?o 
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then for n > 3, there exist b G M", c G M and C{n, Rq, e, /3, cq, ci) such that, 

(2.3) \D''{v{x)--\x\'^-b-x-c)\ 

< C7/|2;|'"M/3,n}-2+fc^ \x\>Ri, A: = 0,1, 2, 3, 4; 

where Ri{n, RQ,e, /3,co,ci) > Rq depends only on n, Rq,€, f3,co and c\. For 
n = 2, there exist b E M^, d, c S M such that for all a G (0, niin{/3 — 2, 2}) 

(2.4) \D''{v{x) - -|x|^ -b-x- dlog \x\ - c)| 

^ ry^k , |x| > i?i. A; = 0,1,2,3,4 

where Ri > Rq depends only on e,Ro,(3,co and c\. 

Remark 2.1. e may be greater than or equal to 2 in Proposition \2.1[ 

ProofofProposition r2.lt Proposition 12. II is proved in [9] for the case that 
/ = 1 outside a compact subset of M". For this more general case. Theorem 
16.11 in the appendix (A theorem of Caffarelh, Jian-Wang) and Schauder 
estimates play a central role. First we establish a lemma that holds for all 
dimensions n > 2. 

Lemma 2.1. Under the assumption of Proposition \KT\ let 

w{x) = v{x) — -\x\ , 

then there exist C{n, RQ,e,CQ,ci, /S) >0 and Ri{n, RQ,e,CQ,ci, f3) > Rq such 
that for any a G (0, 1) 

f |Z)My)l < C^|yP''"'^ A; = 0,1,2,3,4, \y\>Ri 



(2.5) <^ 



"''"iS-'ifh'"^''^' ^ C\y,\-'-^^--, |yi| > R^, y, G B^_^{y,] 



2 



where e^ = min{e, /3}. 

Proof of Lemma 12. It 

For \x\ = R> 2Ro, let 



and 



4 /? 

VR{y) = {^fv{x + —y), \y\<2, 

4 R 

WR{y) = {^fw{x + —y), \y\<2. 

By (HJD we have 

(2-6) hR\\L^{B2) < C, \\wr\\l^(^B2) < C'-R"^ 

and 

VR{y) -{\\y\'' + ^^-y + ^\A') = 0{R-% b,. 
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Let VR{y) = VR{y) - ^x ■ y - ^\x\'^ , clearly D'^vr = D'^vr. liR> Ri with 
R\ sufficiently large, the set 

^1,^, = {y G B2; VR{y) < 1 } 
is between B12 and Bn. The equation for vr is 

(2.7) det{D^VR{y)) = /i,,j(y) := A(x + ^y), on B2. 

Immediately from (j2.ip we have, for any a £ (0, 1) 

(2-8) \\fi,R - 1||l°°(B2) + ll-^/i,i?llc"(B2) + 11-^ /i,-rIIc"(B2) ^ CR~". 
Applying Theorem 16. II on ^i^v 

\\D vr\\c'^{Bi,i) = \\D vrWc^i^b^,^) < C. 
Using OT]) and ([23]) we have 

(2.9) ^ < Z)2^ij < CI on Si.i 
for some C independent of R. Rewrite (j2.7p as 

(lijdijVR = /l,R, -B2 

where a^ = cofij{D'^VR). Clearly by (l2.9p a^, is uniformly elliptic and 
By Schauder estimates 

(2.10) \\vR\\c2,c.^Br) < C'(lbi?llL-{Bi.i) + ll/l,flllc"(B2)) ^ '^■ 

For any e G S"~^, apply de to both sides of (12. 7p 

(2.11) agai,(aet;ij) = ae/i,R. 

Since o^, Se'WR and 9e/i,R are bounded in C" norm, we have 

(2.12) \\vr\\c^,.(^b^) < C, 
which implies 

(2.13) \Wij\\c^''^{Bi) ^ C*- 

The difference between (12. 7j) (with uj:? replaced by vj:?) and det{I) = 1 
gives 

(2.14) aijd.jWR = h,R{y) - 1 = 0{R-^) 
where dij{y) = /J cofij{I + tD^WR{y))dt. By ([23]) and (f2l^ 

— < dij < CI, on -Bi.i, l|aijllci'"{iJi) — C'- 
Thus Schauder's estimate gives 

(2.15) \\wr\\c2,<.(b,) < C {\\wr\\ LOO ^B^^) + ||/i,ij - l||c"(5i)) < CR-^^. 
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Going back to (I2.11|) and rewriting it as 

afjdij{deWR) = defl,R. 

We obtain, by Schauder's estimate, 

(2.16) |kij||c.3,<.(^j/2) < C'(lki?llL-{B3/4) + iDflMlc-iBs;^)) < CR''''. 

Since dijeWR = dijeVR, we also have 

By differentiating on (|2.11|) with respect to any ei G S"'^^ we have 

af^dij{dee^WR) = deeJl,R - de^af-dijdeVJR. 

([XTU]) gives 

Using ()2.8p .||&>.^ fi B||(^a(g^) < CR^^ and Schauder's estimate we have 

(2.17) lkRllc4,"(B,/4) ^ C'i?-^"' 
which imphes (j2.5p . Lemma |2. II is estabhshed. D 

Next we prove a lemma that improves the estimates in Lemma |2. II 

Lemma 2.2. Under the same assumptions of Lemma \2.1\ and let Ri be the 
large constant determined in the proof of Lemma \2.2[ If in addition 2e < 1, 
then for n > 3 

\Diw{x)\<C\x\'^-'^^-^, |x|>2i?i, J = 0,1,2,3,4 

lyi-yal" - '^l^/il , \yi\ > 2i2i, y2 G -B|yi|/2(yi) 

where a € (0, 1). For n = 2 and any e < 2e < 1 

|L»J'u;(j;)| < C|x|2-^"-J, |x| > 2Ri, j = 0,1,2,3,4 

^ |yi-^2|" <C\yx\ ", |yi|>2i?i, y2 e S|y^|/2(yi). 

Proof of Lemma 12. 2t 

Apply 9fc to detilfiv) = f^ we have 

(2.18) Oijdijidkv) = dkfv 
where Oij = cofij{D'^v). Lemma |2. II implies 

C C 

\aij{x) - 6ij\ < -—-, \Daij{x)\ < , |x| > Ri 



and for any a G (0, 1) 

,^l _, _ 

< C|xi| ' ", |xi| > 2Ri, X2 € B\^^\/2{xi). 



\Daij jxi) -Da^j{x2)\ ,-l-e-a 



\xi — X2r 



8 JIGUANG BAO, HAIGANG LI, AND LEI ZHANG 

Then apply di to ()2.18p and let hi = dkiv 

ttijdijhi = dkifv — dittijdijkV. 
We further write the equation above as 

(2.19) Ahi = /2 := dkifv - diaijdijkV - {aij - 6ij)dijhi. 
By (j2.ip and Lemma |2. 11 for any a S (0, 1) 

r |/2(x)| < C|x|-2-2^ \x\ > 2Ri, 

(2.20) { 

I l^i-xah - 1x1^+^-=+"' ^2 G i^|a;i|/2la;ij, |2;i| > 2Ki. 

Note that by Lemma l2.il /ii ix) — t- 5^; as x — t- oo. If n > 3, let 

h2{x) = - —. -^\x - yp-"/2(y)dy 

Jm"\Br^ n{n - 2)w„ 

where a;„ is the volume of the unit ball in M". If n = 2, let 

h2{x) = TT (^°S \x-y\- log \x\)f2iy)dy. 

In either case A/12 = /2- By elementary estimate it is easy to get 

C\x\-^'-^, \x\>2Ri, j = 0,1, n>3, 



(^•^^) l^^^^(-)l ^ 1 Clxr- \x\>2Ri,j = 0,l,n = 2 

where e is any positive number less than 2e. Indeed, for each x, let 
Ei:={y€R^\B2R„ |y| < |x|/2, }, 
E2 := {y £ W^ \ B2R„ \y-x\<\x\/2,}, 

E3 = 0r'\B2R,)\{EiUE2). 

Then it is easy to get (j2.2ip . For the estimate of D^h2 we claim that given 
a£ (0,1), if n> 3 

' \D^h2ix)\ < C\x\-^^-^, j = 0, 1, 2, \x\ > 2Ri, 



(2.22) 



LDfMfiln^fMM < C ^^ p R, ,(rA lril>2/?i 



|xi— X2|° — |a?ip 

Replacing 2e by e we get the corresponding estimates of D^h2 for n = 2. 
The way to obtain (|2.22|) is standard. Indeed, for each xq € K" \ B2r^, let 
R = \xq\, we set 

73 T>2 T) 

h2,R{y) = ^2(2:0 + jy), /2,i?(y) = -Y^f2{xQ + jy), |y| < 2. 
By (j2.20p ||/2,r||c"(Bi) ^ CR'^'^. Therefore Schauder estimate gives 

ll^2,R||c2.a(Bi) < C'(ll^2,i?||L°°(B2) + ll/2,i?llc"(S2)) - ^^ ^ 

which is equivalent to ()2.22p . The way to get the corresponding estimate for 
n = 2 is the same. Now we have 

A{hl-h2)=0, W'\B2R,. 
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Since we know hi — (5^; — /12 — )• at infinity. For n > 3, by comparing with 
a multiple of |xp~" we have 

\hi{x) - 5ki - h2{x)\ < C|x|2-", |x| > 2Ri. 

By the estimate on /i2 we have 

\hiix) - 5ki\ < C\x\-'^% \x\>2Ri. 

Correspondingly 

\D^w{x)\ < C|x|^"^"^', |x| > 2Ri, j = 0, 1, 2, n> 3. 

For n = 2 we have 

(2.23) \hiix) - 6ki - h2ix)\ < C\xr\ \x\ > 2Ri. 

Indeed, let hsiy) = hi{-^) - 5m - h2{y^), then A/13 = in Si/2/ji \ {0} 
and limj^_>.o /13 (y) = 0. Therefore \h^{y)\ < C\y\ near 0. ()2.23|) follows. By 
fundamental theorem of calculus, 

\D^w{x)\ < C|xp-^-% \x\ > 2Ri, j = 0, 1, 2, n = 2. 

Finally we apply Lemma [2. II to obtain the estimates on the third and fourth 
derivatives. Lemma 12.21 is established. D 



Case one: n > 3. 

Let kQ be a positive integer such that 2'^''e < 1 and 2^°~^^e > 1 ( we choose 
e smaller if necessary to make both inequalities hold). Let ei = 2 °e, clearly 
we have 1 < 2ei < 2. Applying Lemma |2. 21 /cn times we have 
(2.24) 

' \D''w{x)\<C\x\'^"'^-'', k = 0,..,4, \x\>2Ri 

Let hi and /2 be the same as in Lemma 12.21 Then we have 

' |/2(x)| < C|x|-2"2ei \x\ > 2Ri, 

\f2ixi)-f2ix2)\ ^ C ^„ ^ R, , , (rr,\ U, I > OR, 
|zi-X2h - |a:i|^+^n+«' ^2 fc -«|i:i|/2(,2;ij, |Xi| > 2/i:i. 

Constructing /12 as in Lemma 12.21 ( the one for n > 3) we have 

' |D^'/i2(x)| < C7|x|-2^i-^ j = 0,l,2, |x|>2i?i, 
(2.25) < 

As in the proof of Lemma 12.21 by (j2.25p we have 

|/ii(x)-/i2(x)| <C|x|2-", |x|>2i?i. 

Since 2ei > 1 

|/ii(x)| < |/i2(a;)| +C|x|^~" < Clxp^ 
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By Theorem 4 of [20], dmw{x) — )• Cm for some Cm £ IR as |x| — )• oo. Let 
b G M" be the hmit of Vii; and wi{x) = w{x) — b ■ x. The equation for wi 
can be written as ( for e G §"~^) 

(2.26) aijdij{deWi) = defv 
By (j2.24p the equation above can be written as 

(2.27) A(5e'u;i) = /s := def^ - {aij - 6ij)dijeWi, \x\ > 2Ri. 
and we have 

1/3(2;)! < C{\x\-^-^ + |x|-i-2^i) < C7|x|-i-2^i, \x\ > 2Ri 

1/3(3^1)^/3(^:2) ^ ^1 |-l-2ei-Q! U_, I \ 9 D, T„ (= R, , , ("t--, "l 
1^^_3;2|« — "-^l^ll ' Fll ^ ^-"-1' ^2 t ^\xi\/2\Xl)- 

Let /i4 solve A/14 = /s and the construction of /14 is similar to that of /i2- 
Then we have 

\D^hi{x)\ < C|x|i-2ei-i^ 1^1 > 2i?i, j = 0,1,2, 

\D^h4{xi)-D'^h4(x2)\ ^ ^1 |_i_2£i-a I^J^OD, ra P R, ,,(t,) 
|2.^_a;2|a ^ L-Fll , Fl| -> ^^1, a^2 fc ^\xi\/2\.^l)- 

Since SgWi — /14 — )• at infinity, we have 

(2.28) \dewi{x) - h4{x)\ < C|xp-", |x| > Ri. 

Therefore we have obtained |Vtfi(x)| < C|x|^^^'^i on |x| > Ri. Using fun- 
damental theorem of calculus 

ki(x)| < C|xp~2'i, j = 0,l, \x\>Ri. 

Lemma 12.11 applied to wi gives 

\D^wi{x)\ < C|xp-J-2^i, j = 0..4. 

Going back to (|2.27|) . now the estimate for /a becomes 

|/3(x)| < C\x\-^-'^ + C7|x|-i-^^i, |x| > 2Ri, 

^^'ti'IP'^^ < C(|xi|-/^-^- + Ixil-i-^^i-"), |xi| > 2R^, X2 G i?|.,|/2(xi). 
The new estimate of /i4 is 

|/i4(x)| < C(|x|^-^ + \x\^~^''), \x\ > 2Ri. 
As before (|2.28p holds. Consequently 

|Vtfi(x)| < C(|x|2-" + |x|^-^^i) < C\x\-\ \x\ > 2Ri. 
By Theorem 4 of [20j, wi — )■ c at infinity. Let 

^^2(2;) = w(x) — 6 • X — c. 
Then we have |w2(2;)| < C for |x| > 2Ri. Lemma |2 . 1 1 applied to W2 gives 

(2.29) \D''w2ix)\<C\x\~'', k = 0,1,2,3, \x\ > 2Ri. 
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The equation for W2 can be written as 

det{I + D^W2{x)) = f^. 
Taking the difference between this equation and det{I) = 1 we have 

atjdijW2 = fv-l, \x\ > 2Ri 
where dij satisfies 

\D^{d^j{x) - 6ij)\ < C\x\'^-^, \x\ > 2Ri, j = 0,1. 
Using (I2.29P this equation can be written as 

'^W2 = /4 := A - 1 - {dij - Sij)dijW2, \x\ > 2Ri. 
()2.29p further gives 

\h{x)\<C{\x\-^ + \x\-^), \x\>2Ri, 

^%%{P^^ < C^(kl|-''-° + \xi\-'-n, \X1\ > 2i?l, X2 G i3|,,|/2(xi). 

Let /i5 be defined similar to /i2- Then h^ solves Ah^ = f^ in M" \ B2r^ and 
satisfies 

\h5{x)\ <C{\x\^-^ + \x\-^). 
As before we have 

\w2ix) - h5{x)\ < C\x\'^-"' , \x\>2Ri, 

which gives 

(2.30) \w2{x)\<C{\x\'^-'' + \x\^-^ + \x\-^), \x\>2Ri. 

If \x\~'^ > |xp~" + |xp~'^ we can apply the same argument as above finite 
times to remove the |x|~^ from (I2.30p . Eventually by Lemma l2. II we have 
()2.3p . Proposition 12.11 is established for n > 3. 



Case two: n = 2 

As in the case for n > 3 we let ko be a positive integer such that 2 "e < 1 
and 2 o^^e > 1 ( we choose e smaller if necessary to make both inequalities 
hold). Let ei < 2^'^e and we let 1 < 2ei < 2. Applying Lemma \T2\ kn times 
then (I2.24P holds. Consider the equation for w. By taking the difference 
between the equation for v and det{I) = 1 we have 

dij dij w = fv -1. 

We further write the equation above as 

Alf = /s := /„ - 1 - {dij - 5ij)dijW. 

By (12:21]) 

\h{x)\<C\x\-^'\ \x\>Ri. 
Let 

^6(2;) = ^ / (log \x-y\- log \x\)f^{y)dy. 



12 JIGUANG BAO, HAIGANG LI, AND LEI ZHANG 

Then elementary estimate gives 

\h6{x)\ < C\x\'\ \x\>Ri 

for some €2 G (0, 1). Since w — Hq is harmonic on M? \ Br^ and w — h^ = 
0(|xp"''i), there exist 6 G M^ and ^1,^2 S K such that 

(2.31) w{x)-h(i{x) = h-x + di\og\x\+d2 + 0{l/\x\) \x\>2Ri. 

Equation (j2.3ip is standard. For the convenience of the readers we include 
the proof. Let z;(r) be the projection of tf — Zie on sin /0 for / = 1, 2, ... Then 
zi satisfies 

z'{{r) + U[{r)-K^zi{r) = Q, r > 2Ri. 

Clearly zi[r) = cur + C2ir ■ Since zi{r) < Cr'^^''^ we have cn = for all 
/ > 2. Thus zi{r) = C2ir ■ Let C be a constant such that maxB2fl |^~^6| ^ 
C. Then \zi{2Ri)\ < C, which gives \c2i\ < C{2Ri)K The estimate for the 
projection oiw — hQ over cos 16 for / > 2 is the same. The term di log |x| + (i2 
comes from the projection onto 1. The projection onto cosO and sm.0 gives 
h ■ X. (j2.3ip is established. 
Let 

wi{x) = w{x) — b ■ X. 

Then |t(;i(x)| < C|x|^^. Apply Lemma l2. II 

\D''wi{x)\<C\x\'^~'', k = 0,..,A, \x\>2Ri. 
The equation for wi can be written as 

Awi = 0{\x\-'^) + 0{\x\^'^-^). 
Let 

^ri^) = TT I (log \x-y\- log \x\)/\wi{y)dy. 

Then 

|/l7(x)| < C7(|x|2-^+^ + |rEp^2-2+e) 

for e > arbitrarily small. Since wi — h-j is harmonic on M^ \ i?2_Ri and 
wi{x) — hj{x) = 0(|x|'^2)^ we have, for some d,c gM. 

wi{x) — hj{x) = dlog |x| + c + 0(l/|x|). 

Using the estimates on /17 we have 

(2.32) wi{x) = dlog \x\+c + 0(|x|2'2-2+.) ^ 0{\x\'^-'^+'). 
To obtain (12.41) we finally let 

vi{x) = v{x) — b ■ X — c 
and 

H{x) = -|xp + dlog |x|. 
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Clearly det{D^viix)) = U{x) and det{D'^H{x)) = 1 - ^. Let W2{x) = 
vi{x) — H{x). By ()2.32p we already have 

^2(2;)! < C\x\-^'^, \x\ > 2Ri 

for some £3 > 0. Using Theorem 16.11 as well as Schauder estimate as in the 
proof of Lemma 12.11 we obtain 

(2.33) \D^W2{x)\<C\x\-'^-^ |x|>2i?i, A: = 0,1, 2. 

Thus the equation of W2 can be written as 



l^W2{x) = 0{\x\-^-'^'^) + 0{\ 



x\ 



-P\ 



hsix) = TT (^OS \x-y\- log \x\)Aw2iy)dy. 



Let 



Then 

(2.34) \D^hsix)\ = Odxr^-i ^ \x\'5+2-l3-j-^^ ■ ^ q^ ^ |^| > ^^ 

for all €5 > 0. Then we have W2{x) — h^{x) = 0(|x|~^) because of ()2.33p . 
()2.34p and the argument in the proof of (j2.3ip . Consequently 

W2{x) = 0{\x\-'^ + \x\'<'+'^-^), \x\>Ri 

for all eg > 0. The estimates on the derivatives of W2 can be obtained by 
Lemma l2.1i Proposition 12.11 is established for n = 2 as well. D 

3. Proof of Theorem 11.11 

Without loss of generality we assume that B2 C D C Bf. First we prove 
a lemma that will be used in the proof for n > 3 and n = 2. 

Lemma 3.1. There exists ci{n,(j),D) such that for every ^ € dD, there 
exists w^ such that 

det{D^w^{x))>f{x) IR"\D, 

wdO = ^iO^ u'^(x) < </.(x), yxedD,x^C, 

w^{x) < i|a;|2 + ci, X e (M" \D)n B{0, Wdiam{D)). 

Proof of Lemma I3.lt Let /i be a smooth radial function on M" such that 
/i > / on M" \ L> and /i satisfies (FA). Let 

z{x) = ( / nt''-^h{t)dt)^ds. 



Jo Jo 
Then det{D^z{x)) = fi{x) on M" and 

\z{x) - -\x\^\ < { ^\ 'L-^',, ^ xGM". 

' ^ ^ 2 \ (71og(2 + |x|), n = 2 

Since D is strictly convex, we can put (, as the origin using a translation 
and a rotation and then assume that D stays in {xn > 0}. Assume that the 
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boundary around S, is described by x„ = p{x') where x' = (xi, ..,x„_i). By 
the strict convexity we assume 

Pi^') = 2 X^ BafSXaXp +0{\x'f) 

l<a,(S<n-l 

where (-Bq/j) > SI for some 5 > 0. By subtracting a hnear function from z 
we obtain z^ that satisfies 

det{D^z^) > f, W\ D, 

z^{o) = m, vz5(o) = vm 



and 



k€(^)-ikPl ^C'l^l' xeW\D. 



2' 
Next we further adjust z^ by defining 

i(;g(x) = z^{x) — A^Xn 

for A^ large to be determined. When evaluated on dD near 0, 

w^{x' , p{x')) — 4>{x' , p{x')) < C\x'\ — A^p{x'). 

Therefore for \x'\ < 6i for some 6i small we have w^{x' , p{x')) < (t){x\p{x')). 
For \x'\ > ^1, the convexity of dD yields 

Xn>5l, yx£dD\{{x',p{x')): \x'\<6i.}. 

Then by choosing A^ possibly larger (but still under control) we have w^{x) < 
4>{x) for all X G dD. Clearly ^4^ has a uniform bound for all ^ G (90. Lemma 
13. H is established. D 

Let 

w_{x) = max [^w^{x) | ^ G dD^ . 

It is clear by Lemma |3. II that u; is a locally Lipschitz function in i?2f \ D, 
and w_ = (p on dD. Since w^ is a smooth convex solution of (jl.ip . u; is a 
viscosity subsolution of (jl.ip in i?2f \ i^. Let ci be the constant determined 
in Lemma |3.1[ Then we have 

mix) < -\x\^ + ci, B2f\D. 

We finish the proof of Theorem 11.11 in two cases. 
Case one: n > 3. Clearly we only need to prove the existence of solutions 
for A = I and 6 = 0, as the general case can be reduced to this case by a 
linear transformation. Let / and / be smooth, radial functions such that 
f<f<f in W^\D and suppose / and / satisfy (FA). For d > and 
;5i,/32 gM, set 

n^(x) = /?! + / ( / ne-^f{t)dt + d J ds, r = \x\ > 2, 



MONGE-AMPERE EQUATION 15 

and 

Ud{x) = ^2+ I ne-^l{t)dt + dYds, r = |x| > 2. 

Clearly 

det(D2^) = />/, R"\A 
and 

det{D^Ud)=l<f, M"\5. 
On the other hand, 

(3.1) Udix)<Pi, mBr\D, y d>0. 
and 

(3.2) Ud{x) >/32, mBr\D, y d>0. 

Let 

Pi := niin \w(x) x ^ Bf\ D\ — 1 < minoj, 

Bo := maxw + 1. 
dD 

This shows that u^ and u^ are continuous convex subsolution and super- 
solution of (jl.Sp , respectively. By the definition of u^ by choosing d large 
enough, say d > do, we can make 

Uji > w{x) + 1, |x| = f + 1. 

By p.ip and the above, the function 

Ud, kl > ^ + 1, 

ui.d{x) = { w{x), X ^ Bf\ D, 

ma,x{w{x),Uj}, X G Bf+i\ Bf 



is a viscosity subsolution of (jl.Sp if d> do. 

Next we consider the asymptotic behavior of u^ and Ud when d is fixed. 
Using (FA) it is easy to obtain 



(X) = ^|x|2 + ^l(d)+0(|x|2— -i/'."}), 



and 



Md 



Ud{x) = ^|X|2 + ^2(d) + 0(|xp~--{/^'"i), 



where 

f2 



and 



l^iid) = f3i-^- + J_" U J\e-^mdt + dy -s\ds, 
fi2{d)=P2-2+ f l(f ne-^l{t)dt + dj - s J ds. 
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It is easy to see that /xi(d) and iJ,2{d) are strictly increasing functions of d 
and 

(3.3) lim ^i{d) = oo, and lim ^2{d) = oo. 

d—^oo d— >oo 

Let c* = /Ui((io)) recall that for d > do, ui^d is a viscosity subsolution. For 
every c > c^, there exists a unique d{c) such that 

(3.4) ^i(d(c))=c. 
So u^(c) satisfies 

(3.5) nrf(,)(2;) = ^|a;|2 + c + 0(|2;|2-™>^{'3,n}^^ ^^ x ^ oo. 

Also there exists d2{c) such that ^2(^2(0)) = c and 

(3.6) Ud2(c)(a:) = ^|x|2 + c + 0(|xp->^'°^/^'"}), as x ^ 00. 
By (I33D and dMD 

, lim (ud(c)(.x) -Ud2(c){x)) = 0. 

On the other hand, by the definition of /3i we have Md2(c) > ''^i,d(c) on 9D. 
Thus, in view of the comparison principle for smooth convex solutions of 
Monge- Ampere, (see [H]), we have 

(3.7) ni,d(c)<nd2(c), onR"\D. 

For any c> c*, let Sc denote the set of w G C^{W^\D) which are viscosity 
subsolutions of (jl.Sp in M" \ D satisfying 

(3.8) V = (f, on dD, 
and 

(3.9) u^,dic)<v<Ud,ic), inM"\Z?. 
We know that Ui^d{c) ^ "Sc- Let 

u(x) := sup{w(x) \ V £ Sc} , X gW\D. 

Then u is convex and of class C^{W^ \ D). By (j3.5p . and the definitions of 
wi,d(c) and Ud2{c) 



(3.10) ^(X) > ^i,,(,)(x) = i|x|2 + C + O (|x|2— MAn}) , g 

and 

tx(x) <^rf,(,)(x) = i|x|2 + c + o(|x|2— -i/^."}) . 



The estimate (|1.2p for k = follows. 

Next, we prove that u satisfies the boundary condition. It is obvious from 
the definition of Ui^^) that 

liminf «(x) > lim UiMc){x) = fiO, ^(^00. 
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So we only need to prove that 

limsupu(x) < ip{C)j V ^ G dD. 



Let a;+ e C^iBr \ D) be defined by 

'Aa;+ = 0, \nBf+i\D, 

cl!^ = 93, on 9Z), 

'^^ = iS^^'^rfaCc); on (9Sf+i. 



It is easy to see that a viscosity subsolution v of (jl.Sp satisfies At; > in 
viscosity sense. Therefore, for every v ^ Sc, hy v < a;+ on d{Bf\ D), we 
have 

t; < a;+ in B^r \ D. 

It follows that 

u < uj'^ in i?f \ D, 

and then 

limsupn(x) < lim lo^{x) = ip{£,), V .^ G dD. 

Finally, we prove ti is a solution of (|1.1|) . For x € M" \ D, fix some e > 
such that B^{x) C M" \ D. By the definition of u, u < u. We claim that 
there is a convex viscosity solution to S G C'^(i?e(x)) to 

fdet(Z)2S) = /, xGB,(x), 
[S = n, X E dB^{x). 

Indeed, let (j)k be a sequence of smooth functions on dB^{x) satisfying 

U<(j)k<U + -. 

k 
Let /fc be a sequence of smooth positive functions tending to / and fk ^ f- 
Let ipk be the convex solution to 

det{D^k) = fk B,{x), 
ipk = (pi on dB^{x). 

Clearly tpk > u. On the other hand, let hk be the harmonic function on B^{x) 
with /ifc = (/>fc on dB^[x). Then we have u^ < h^- Therefore {ip^l is uniformly 
bounded over any compact subset of B^{x). \Vipk\ is also uniformly bounded 
over all compact subsets of B^{x) by the convexity. Thus tpk converges along 
a subsequence to u in Be{x). By the closeness between h^ to u on dB^^x), 
u can be extended as a continuous function to B^(x). By the maximum 
principle, u <u < Uij_^t^\ on B^. Define 



u{y), ifyeR^\{DUB,{x)). 



w(y) — N , , o 



18 JIGUANG BAO, HAIGANG LI, AND LEI ZHANG 

Clearly, w S Sc- So, by the definition of u, u > w on B^{x). It follows that 
u = uoTi.Bf:{x). Therefore u is a viscosity solution of (jl.ip . We have proved 
()1.2p for fc = 0. The estimates of derivatives follow from Proposition 12.11 
Theorem ILU is established for n > 3. 



Case two: n = 2. 

As in case one we let / be a radial function such that /(|a;|) > f{x) in 
M2 \ D, and / also satisfies (FA). Let 



Ud{x)=j3i+i ( 2tf{t)dt + dY ds 

for d > and r > 1. Here we choose /3i = ming/) (p — 1. Clearly 

Ud{x) < w{x) Br \D, Vd > 0. 

Then we choose d* large so that for all d> d* , Udi^) > w{x) on dBf+i- Let 

r w{x), Br\D 
Ui4{x) = l max{u;(x),Urf}, Bf+i\Bf, 

Then ui ^ is a convex viscosity subsolution of (jl.Sp . Let 



/oo 
2i(/(i) - l)dt 



Then elementary computation gives 

Ud{x) = -\xf + Adlog\x\+0{l). 

Next we let / be a radial function such that /(|x|) < f{x) for x G M^ \ Z). 
Suppose / also satisfies (FA) and is positive and smooth on M?. Let 

Ud{x) = 132+1 ( I 2tl{t)dt + dj 'ds. 
Let 

fOO 



/oo 
2t(/(t) - l)dt. 

Then the asymptotic behavior of Ud at infinity is 

1 



Ud{x) = ^|x|^ + Ldlog|x| +0(1). 

Thus for all d > d* , we can choose di such that L^^ = A^. Then we choose 
/3i such that Ud^ > on dD and Ud^ > Ud at infinity. As in case one, by 
taking the supremum of subsolutions we obtain a solution u that is equal to 
(j) on dD and 

u{x) = -|rEp + Ad\og\x\ +0(1). 

By Proposition 12.11 

u{x) = -|xp + vlrflog |a;| + c + o(l). 
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The following leninia says the constant term is uniquely determined by other 
parameters. 

Lemma 3.2. Let ui, U2 he two locally convex smooth functions onM? \ D 
where D satisfies the same assumption as in Theorem \l.l\ Suppose ui and 
U2 both satisfy 

' det{D^u) = f in M^ \ Z), 
u = (j), on dD 

with f satisfying (FA) and for the same constant d 

(3.11) Ui(x)- -|xp-(ilog|x| = 0(1), xeM^\D, i = 1,2. 
Then ui = U2- 

Proof of Lemma 13. 2t By Proposition 12.11 we see that when (j3.1ip holds, 
we have 

D\i(x) = 7 + 0(1x1"^+'), i = l,2 
for e > small and |x| large. For the proof of this lemma we only need 

(3.12) D'^u,{x)=I + 0{\x\~'i), |x| > 1, z = l,2. 
By Proposition 12. H 

Ui{x) = -|x|2 + dlog \x\ + Ci + 0(l/|x|'^), i = 1, 2 

for a G (0, min{/3 — 2, 2}). Without loss of generality we assume ci > C2. If 
ci = C2 we know m = U2 by maximum principle. Since ui = U2 on dD, we 
have, ui > U2 in R^ \ 75. Let w = ui — U2, then w satisfies 

aijdijW = 0, r2 \ Z) 

where 

aij{x) = / cofijitD'^ui + (1 - t)D'^U2)dt. 
Jo 

By the assumption of Lemma 13.21 and ()3.12p , a,j is uniformly elliptic and 

(3.13) a^j{x) = 5ij + 0{\x\-'^), x G M^ \ i). 

Let ao < ^ai be positive constants to be determined. We set /i^ = elog(|x| — 
ao) over ai < \x\ < oo. Direct computation shows, by (J3.13P that 

Uijdijh^ = Ahe + {oij - 5ij)dijhe 

< !^2 + Celx|-^/2 

— /I I ^9l I ^ i-'t X , 

(|x| -ao)"'|x| 

4eao „ I ,_7/2 I I 
< — I .„ + Ge X ' , X > oi > flQ. 

By choosing oq sufficiently large and ai > 2ao we have 

Qijdijhe < 0, ai < |x| < oo. 
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Let R > ai and Af/j = maxi^i^jiw. Let v = w — Mr, then clearly for all 
€ > 0, he is greater than v on dBn and at infinity. Thus for any compact 
subset K CC M^ \ Br, v < h^. Let e — ;> we have 

w{x) < Mr, y\x\ > R. 

Taking any Ri > R, we have maxi^i^^^ w < Mr. Strong maximum principle 
implies that either maxi^i^^^ w < Mr for all Ri > i? or it; is a constant. 
w is not a constant, therefore we have max|2,|=^^ w < Mr for all Ri > R. 
However, this means over the region Br-^ \ D, the maximum of w is attained 
at an interior point, a contradiction to the elliptic equation that w satisfies. 
Thus Lemma 13.21 is established. D 



Lemma 13.21 uniquely determines the constant in the expansion, then by 
Proposition 12.11 we obtain (II. 3p . Thus Theorem 11.11 for the case n = 2 is 
established. D 

4. Proof of Theorem 11.31 

We only need to consider the existence part as the uniqueness part follows 
immediately from maximum principles. For the existence part we only need 
to consider the case that A = I, b = and c = 0, because the general case 
can be reduced to this case by a linear transformation. Consider ur that 
solves 

r det{D^UR) = f, Br, 

(4.1) 

[ UR= ^, OBr. 

We shall bound ur above and below by two radial functions. Let h he a 
smooth radial function, then at the point (|a;|,0, ...,0) 

D h{x) = diag(/i"(r), h'{r)/r, ..., h'{r)/r), r = \x\. 

Thus det{D'^h){x) = h"{r){h'{r)/r)'^-\ 

We first construct a subsolution h^(r): Let / be a radial function such 
that / > / and / satisfies (FA). 

/i_(r)= f {[ nf'-^f{t)dt)^ds. 
Jo Jo 

Clearly det{D^h^) = / in M" and since f{t) = 1 + 0{t^^) it is easy to verify 
that 

Next we construct a super solution. Let / be a radial function less than 
f{x) and / also satisfy (FA), 

h+{r)= I {I ne-^l{t)dt)^ds. 
Jo Jo 
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Similarly we have det{D'^hj^) = f in W^ and /i+(r) = ^r^ + 0(1) for r large. 
Let /3_ be a constant such that /i_(|x|) + /3- < ^ja^P, /3+ be a constant such 
that /i_(_(|x|) +/3+ > gl^P- Then by maximum principle 

(4.2) /i_(r) + /3_ < n/j(x) < /i+(r) + /3+, |x| < i?. 

Let i? — )• oo and the sequence ur converges to a global solution u that 
satisfies det{D'^u) = / in M" and u — ^|xp = 0(1). For this convergence, 
we use the fact that for any K CC M", \ur{x) — ^|xp| < C{K) and by 
Caff'arelli's C^'" estimate [6j, ||Vnij||/,oo(^) < C{K). Thus ur converges to 
a convex viscosity solution u to det{D'^u) = / in M" with the property that 

\u{x)-]-\x\^\<C, M". 
By Proposition 12.11 there exists a c* E M such that 



|mm{/3,n}-2+fc/'^fc(^(^^_l| 



lim |2;|mm|p,n|-^+/cj ^^^^^^^ _ -|^|2 _ g*) ) < oo 
Ixl— ^oo 



for fc = 0, 1, 2, 3, 4. After a translation the solution with the desired asymp- 
totic behavior can be found. Theorem 11.31 is established. D 

5. The proof of Theorem 11.21 

Without loss of generality we assume u(0) = = minun u. The goal is to 
show that there exists a linear transformation T such that v = u-T satisfies 
()2.2p . Then we employ Proposition 12.11 to finish the proof. The proof of v 
satisfying ()2.2p is by the argument of Caffarelli-Li. 

Suppose Cq < infiRn / < sup]gn f < cq, only under this assumption it is 
proved in [9J that for M large and 

Qj^j ■= {x G M"; u{x) <M } 

there exists um £ -A such that 

(5.1) Bji/c C UMi^M) C BcR, 

where R = y/M and O > 1 is a constant independent of M. Let 

0:={y; a^/(i?y) G S^m}- 

Then Bi/c cO C Bq. Set 



then we have 
(5.2) 

Let ^ solve 



Civ) ■■= -^u{aj^l{Ry)), 



det{D\) = f{a-^{Ry)), in O, 
C = 1, on do. 



d_et{D^O = 1, in O, 
^ = 1, on do. 
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By Pogorelov's estimate 

^I < D'^l < CI, \D^i{x)\ <C, xeO, dist{x, dO) > 6. 

We claim that there exists C > independent of M such that 
(5.3) \i{x) - i{x)\ < C / R, xeO. 

Indeed, by the Alexandrov estimate ([8]) 

- min(^ -0<C(^J^^ det{D\i - 0)) 



where 
On 5+ 



5+:={xGO; L'2(^-e)>0 }. 






SO the concavity of detn on positive definite symmetric matrices imphes 

det{D\C - e"))" < f{a-^}{Ry))'- - 1. 
Thus 

-min(e-0<C^f / \f{al}{Ry))^^-irdy)^. 
o \Js+ 

Let z = aj^ (Ry), i.e. umz = Ry then dz = R"'dy 



1 

1 



By the assumption (FA) the integral is finite, thus we have proved that 

- min(^ - ^) < C/R, xeO 
o 

Similarly we also have — minQ(^ — ^ C/R. (j5.3p is proved. 
Next we set 

Em-={x] {x-x)'D'^i{x){x-x)<l } 

where x is the minimum of ^. By Theorem 1 of [5j x is the unique minimum 
point of ^. Then by the same argument as in |9j we have the following: There 
exist k and C depending only on n and / such that for e = j^, M = 2^^+'^)'^, 
2^-1 < M' < 2^=, 

,2M' ^ 3.fc,i^ 1 ,^ ^ ,2M' ^ 3.fc 1^ ,„ - 

(-^ - C2- — )-2Em C -aui^M') C (-^ + C2~ — )-2Em, VA; > k, 

which is 

C .„ _ . /— -,. C 



^^2M^(1 - ^^^M C aMi^M') C ^/2M^(1 + ^^prj^)EM. 
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Let Q be a positive definite matrix such that Q^ = D^^{x), O be an or- 
thogonal matrix such that T^ := OQkdM is upper triangular. Then clearly 
det{Tk) = 1 and by Proposition 3.4 of [9| we have 

\\Tk-T\\ < CT'i . 
Let V = u ■ T, then clearly 

det{D^v{x)) = f{Tx). 
For V and some k large we have 

^/2M^(1 - ^)^ ^ {^' <x)<M'} 

C 

C \/2M'(l + —rT^)B MM' > 2^. 

^ 2^ / — 



Consequently 



-*- ' '2| / ^l™|2-e 



(5.4) |v(x)- -|x|^| < C|x 

Clearly f{T-) also satisfies (FA). Proposition 12.11 gives the asymptotic 
behavior of u and the estimates on its derivatives, the constant d in the 
estimate in two dimensional spaces is determined similarly as in [9j . Theorem 
11.21 is established . D 

Remark 5.1. Corollary \1.1\ follows from Theorem \l.^ just like in J9] so we 
omit the proof. 

6. Appendix: Interior estimate of Caffarelli and Jian-Wang 

The following theorem is a combination of the interior estimate of Caf- 
farelli [7J and an improvement by Jian-Wang [22j. 

Theorem 6.1. (Caffarelli, Jian-Wang) Let u G C^{0,) be a convex viscosity 
solution of 

det{D^u) = f, n, 

u = on dil., 

where Q is a convex bounded domain satisfying Bi C ft C B^- Assume that 
f is Dini continuous on il and 

- < / < CO, O. 

Co 
Then u G C'^{Bi/2) o.'^d yx,y G -B1/2 

(6.1) \DMx)-DMy)\<c{d+ f'^^ + d ['^) 

Jo r Jd r^ 

where d = \x — y\, C > depends only on n and cq, ujf is the oscillation 
function of f defined by 

ajf{r) := sup{|/(x) - f{y)\ : \x - y\ < r}. 
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It follows that (i) If f is Dini continuous, then u G C^(i?i/2), and the 
modulus of convexity of D'^u can be estimated by /i6.1]) . (ii) If f G C°(0) 



and a £ (0, 1), then 



(iii)Iffe CO'^(O), then 



\dMx) - DMy)\ < cd{i + ||/||co,i(f,)|iogd|). 

Here we recall that / is Dini continuous if the oscillation function cjf 
satisfies /q ujf{r)/rdr < oo. 

Remark 6.1. Note that in Caffarelli's interior estimate u = is assumed 
on dQ. Since ft is very close to a ball, by [5, 6| n is strictly convex in Q. But 
there is no explicit formula that describes how the higher order derivatives 
of u depend on If . In Jian- Wang 's theorem, this dependence is given as in 
i6.1\} but instead of assume u = on di^, they assumed u is strictly convex 
and their constant depends on the strict convexity. We feel the way that 
Theorem \6.1\ is stated is more convenience for application. We only used 
the (a) and (Hi) of Theorem \6.1\ in this article. 
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